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Abstract

For rational integers ¥ and A, consider two families of elliptic curves y?= z* ~ D]z and y%= 2>~ 243D}, over fields

Q(/~1)and Q(/-3) respectively. General formulae expressed by Weierstrass §2-functions are given for special values of Hecke L-
series attached to such elliptic curves. The uniform lower bounds of 2-adic and 3-adic valuations of these values of Hecke L -series as well
as global criteria for reaching these bounds are obtained. Moreover, when ¥ =2 and A =2, 4, further results of 2-adic and 3-adic valua-
tions are obtained for the corresponding curves in more general case of D; and some restricted D, respectively. These results are consistent

with the predictions of the conjecture of Birch and Swinnerton-Dyer, and greatly develop and generalize some results in recent literature for

more special cases.
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The problem of p-power (p =2,3) divisibility
of the L -series at s =1 of the two classical families of
elliptic curves E4: y>=z>~ Az and Eg: y* =23 -
243%B, have been extensively studied for ages, relat-
ed to several problems of number theory such as con-

gruent numbers (see e. g. Refs. [1~ 7] and foot-
notes 1), 2)).

These two elliptic curves E (= E4, Eg) have

complex multiplication by /=1 and /-3 respec-
tively. From complex multiplication theory (see e.g.
Refs. [8,9]), we know that as they are defined over
Q, the rational number field, so none of them have
multiplicative reduction at any finite place v. The
Kodaira-Neron theorem asserts that the Tamagawa
numbers ¢, =1, 2, 3, or 4 (see Ref. [8], Theorem
6.1). So the “Birch and Swinnerton-Dyer conjec-
ture”!®!(or “B-SD conjecture”) predicts that the val-
ue L(E/Q, 1) of their L-series L{E/Q, s) at
s =1, when divided by an appropriate period, should
always be divisible by a certain power of 2 or 3, de-
pending on the number of distinct prime factors of the
conductor N(E) of E. It is the very problem of di-
visibility that we study in this paper, but in more

general cases that E4, and Ep are defined over the

fields Q( V= 1) and Q( v/ —3) respectively.

Here we study the two families E4 and Ejg of el-
liptic curves over the fields Q ( V-1) and
Q(/-3) respectively in the general cases, i.e. one
is ED:: y2 =z - qu with rational integer ¥ Z0

(mod 4) (i.e. 4 does not divide ¥) and Dy = =y
w,, where m{, -, m, are distinct primes in

Z{J —1] (in particular, when ¥ =2, this turns out
to be the case studied in Ref. [6]). And the other is

ED" : yP=z0- 2433D; with rational integer A= 12
2

(mod 6) and D, = xy*-x,, where 7y, -+, x, are dis-

tinct prime integers in Q ( v —3). We give respec-

tively general formulae for values at s = 1 of the

Hecke L-series attached to E,» and E 3, uniform
1 2

lower bounds for 2-adic and 3-adic valuations of the
values, and global criteria for reaching these bounds.
In particular, in the case of ¥ =2, we obtain further

results for E4 = EDz as studied in Ref. [6], but in
1

more general case of D (i.e. in the case of Gaussian
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primitive odd integer D;). Further results are also

obtained for Eg = E. with restricted D, .
2

Our results develop the ones in Refs. [6,7] and
footnote 1) about 2-adic valuations for values of
Hecke L-series of E4 with A =D?*(i.e. y=2) and
D(i.e. 7y =1) in Gaussian field respectively, and
develop the results in Refs. [2,7] and footnote 2) on
the previous page about 3-divisibility and 3-adic valu-
ation for values of L-series and Hecke L-series of Ep
with B=D32(i.e. 1=2) over @ and Q( V/=3) re-
spectively. In particular, our results are consistent
with the predictions of B-SD conjecture.

1 L-series attached to curves y>= x> - D'x

Throughout, we put I = v — First we study
the family of elliptic curves Ey: y? =23~ D’z over

the Gaussian field K=Q( v—-1).

Consider the elliptic curves
Ep: y? =23 - D’z with D = nym,,
where 1,=1 (mod 4) are distinct {Gaussian) prime

integers in Ox = Z[ v/ —1](k=1,",n), and 7Z&
0 (mod 4) is a rational integer in Z (when ¥y =0
(mod 4), Epris Q( /Tl)-isomorphic to Eq: y2=
23— z, which is the trivial case. See Remark 1. (iii)

in the following. Let S =i, *, m,}. For any sub-
set T of the set {1, -, n}, define D = Hrrk, Dr

=D/Dy, and put Dy =1 when T = gT(empty
set ). Let 4/;D; be the Hecke character
(Grossencharacter) of K attached to elliptic curve
ED;: yi=23- D;\r, and Ls(g_LD;, s) be the Hecke
L -series of ng; with the Euler factors omitted at all
primes in S (here </;D; is the complex conjugate of

¢,7). For the definition of such Hecke L-series at-
T

tached to an elliptic curve, see Ref. [9]. We have

the following general formula for the special value

Ls(¢pr,1) of the above L-series at s =1 expressed
T

as a finite sum of Weierstrass §-function §(z).
Theorem 1. For any factor Dyof D=n,""7,€
Z [V — 1] and any rational integer ¥ Z0 (mod 4) as

e(7’)(D) — (1+(_1)}’—1)/2’

£ v2(S; (D)) =
0, if 9,(S; (D)) > ((3+ (-~ 1)7)n - 2)/4.

above, let ¢y be the Hecke character of Q(V-1)
T

attached to the elliptic curve EDr: yr=g%- D?[x.

T
Then we have
D6} ( ) 1
w \D7/, LS(¢71 2E 4 (cw)

c€C

+ L |’

4 &t Dr

where § =2 + 21, (—)4 is the quartic res1due sym-
bol, C is any complete set of representatives of the
relatively prime residue classes of Og modulo D,

wOg = L, is the period lattice of the elliptic curve

Ei: ¥?*=2%—=z,

oo
_ J' _dxr
w =
1 «/13 -z
and §(z) is the Weierstrass £_function associated to

the lattice L, (i.e., $(2) and its derivative #'(z)
satisfies the equation 8 (2)?=4 £(2)* -4 £(z)).

= 2.6220575---,

Let Q , be the completion of Q at p-adic valua-

tion for any rational prime number p, Q and pr be
the algebraic closures of @ and Q , respectively; and
let v, be the normalized p-adic additive valuation of
vp(i. e. v,(p)=1). Fix an isomorphic embedding
@‘—)W. Then v,(a) is defined for any algebraic
number o in Q. The value v,(a) for « € Q depends
on the choice of the embedding Q— fo but this

does not affect our discussion in this paper. We will
discuss the two cases: p =2 and 3.

For any Gaussian integers a, f which are rela-
tively prime, denote (a/ﬂ)i =(a/B)y [a/Bly =
(1-(a/B)2)/2, then [ay/Bla=1a/Bl+[7/8);
(regard [—]y as F 2-valued function, where F , is

the finite field with two elements). For D =" m,
and 7 as above, put

S;(D) =73

1
cEC _w]_ T
(D I

We could prove that
v2(S;(D)=((3+(-1)")n —2)/4.
&2}

Accordingly we define an F ,-valued function ¢, as

(3+(=1)7")n -2)/4;
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(n=n(D) is the number of distinct Gaussian prime
factors of D). Then over Gaussian prime integers =,
m;, congruent to 1 modulo 4 (1<Xk € Z ) (and their

products), we define F ,-valued functions s; and
8517)( n=1,2,-) inductively as follows
1, if vo(wr -1) =2,
s“")z{m if va( — 1) > 2;
8,7(n) = s1(x) + {7 (n),
8.(D) =8 (my, 1, m,) = &(D)

' 1{E=y)

B#ETSIL, ] | 71Dy
(n 2 2)’
where T runs over all non-trivial subsets of {1, -+,

nl, t=t(T)=# T is the cardinal of T'.

8”(Dp),

Theorem 2. For D=rn;n,€ Z [/ -1] and
rational integer Y20 (mod 4) as above, Let ¢y be
the Hecke character of Q@ ( V= 1) attached to the el-
liptic curve Epy7: y2 =z — D’z. Then for the 2-adic
valuation of L (¢,7,1)/ @ we have

(i) v(L (¢, 1)/ @)=+ (-1)")(n~1)/4;

(ii) the equality in (i) holds if and only if
s(D)=1.

Proposition 1. Let D=+ p;* p,,=1 (mod 4)
with p,Z5 (mod 8) distinct positive rational prime
numbers (£ =1, -, m), YE Z and Y70 (mod 4).
If ”(D) =1, then the first part of the B-SD con-
jecture is true for the elliptic curve Ey: y2=z-
Dz, thatis

rank(E7(Q)) = ord,-(L(Ey/ Q,5)) = 0.
(where n = n(D) is the number of distinct Gaussian
prime factors of D.)

2 L-series attached to curves y> = x> - D%x
with more general D

Consider the elliptic curves
Epz: vyt =23 - D%z with D= n;mp,
where 7, =1 (mod 2 + 2I) are distinct Gaussian
(primitive) prime integers in Z [V —1](k =1, -,
n). Let S={my, =+, m,}. For any subset T of
{1, -, nt, define Dt and D7 as in Section 1 above.
Let Ls( @DzT, s) be the Hecke L-series of <7JDZT(the

complex conjugate of ¢D2) with the Euler factors
T

omitted at all primes in S, where ¢z is the Hecke
T

character of the Gaussian field Q@ ( v — 1) attached to
the elliptic curve EDZT: y2=z% - DZTI. Over Gaus-
sian (primitive) primes m, m; congruent to 1 modulo
A(=2+21)(1<<k€ Z) (and their products), we
define the F ,-valued functions 8,(n =1,2, ) in-

ductively as follows

1, fv(r-1) = %;
81(m) = 3
0, if vo(wr—1) > ER
6,,(D)= 611("11'”9 "n)
Dy
= — | |6.(Dr),
B#ATEI1, -, nl 1][1{.[" ]2 ¢ T
(n =2),

where T runs over all non-trivial subsets of {1, -+,
nl, t=¢(T)=4# T is the cardinal of T.

Theorem 3. Let ¢p? be the Hecke character of
Q ( V—1) attached to the elliptic curve Ep2: y> = z°
- D%z, where D=ny ', € Z[ / —1] with n,=1
(mod 2 +2I) are distinct Gaussian (primitive) prime
integers (£=1, :--, n). Then for the 2-adic valuation
of the values of the L -series we have

() va(L(Fpts /@) =n ~ 55

(ii) the equality in (i) holds if and only if
8,(D)=1.

Proposition 2. Let D be any rational odd inte-
ger. If §,(¢D) =1 for 6 =1 or — 1, then the first
part of the B-SD conjecture is true for the elliptic
curve Ep2; y?=2z3~ D%z, thatis

rank(E2(Q)) = ord, - (L(Ep2/ Q,5)) = 0.
(where n = n(D) is the number of distinct Gaussian
prime factors of D .)

3  L-series attached to curves y* = x° -

2433 p?

Now we turn to the family of elliptic curves y? =
z* =D, over K= Q ( /—3) with complex multipli-
cation by V=3. Let =(—1+ +/ =3)/2 be a prim-
itive cubic root of unity, and let Ox = Z [ ] be the
ring of integers of K. We study the elliptic curves
Ep: y2 = 22 -2'3*D* with D = n,n,,
where 7,=1 (mod 6) are distinct primes of Og (k=
1,*,n), A€EZ and A=1%2 (mod 6) (See Remark
1. (iii) in the following). Let S={m{, *, 7,}. For
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any subset T of the set {1, =+, n}, define Dy =

Hn‘k, Dr=D/Dr, Dg=1. Let ¢ be the Hecke
RET b

character of K attached to the elliptic curve ED“
T

yi=z3 —2433D§~, and Ls(t,_bDa , 5) be the Hecke L-
T

series of g_bDa with the Euler factors omitted at all
T

primes in S (here g_bDA is the complex conjugate of
T
¢ ). Then LS(Q:DA , 1) could be expressed by the
T T

Weierstrass §-functions.

Theorem 4. For any factor Drof D=n{" "7, €
Z [ 7] and any rational integer A=112 (mod 6) as

above, let ¢+ be the Hecke character of Q(V/-3)
T

attached to the elliptic curve E bl y?=z%-23°D].

Then we have

D( 3)/1 _ 1 c A/2 1
DI Ly 0 = =2 2
‘QDT3S¢D; 2J§C€ZCDT3 SO'CBQ)—].
1 Z c /2
+ = n_ s
3/3 &t Dy 3

where (—); is the cubic residue symbol, C is any
complete set of representatives of the relatively prime
residue classes of Ox modulo D, and § (z) the
Weierstrass §-function satisfying 8 (2)? =4 £(z)?
—1 with period lattice Ly = 20k ( corresponding to
the elliptic curve E{: y? = z> - 1/4), and 2 =
3.059908:-- is an absolute constant.

Theorem 5. For D=7, € Z [ r] and ratio-
nal integer A=*2 (mod 6) as above, let ¢+ be the
Hecke character of Q ( v/ —3) attached to the elliptic
curve Epp: y* = 2> — 2'3°D*. Then for the 3-adic
valuation of the values of the L -series we have

'vs(L(t,_bD*,l)/O)Z%— 1.

Theorem 6. Let D = ny - x,, where m; =1
(mod 6 /' —3) are distinct prime elements of Z [z ]
(k=1,,n), A€ Z and A=*2 (mod 6), and let
¢p* be the Hecke character of Q (/ —3) attached to
the elliptic curve Epp: y° = z2° = 2'3°D*. Then for
the 3-adic valuation of the values of the L-series we
have

v3(L(¢p,1)/2)=(n—-1)/2.

Remark 1. (i) For the Hecke characters ¢y in
Theorems 2, 3 and ¢, in Theorem 5, 6 respectively,
by the results of Refs. [10 ~ 12], we know that

L(¢p»1)/w and L (¢pt, 1)/ are all algebraic

numbers.

(ii) When ¥ =2, the case in Theorems 1 and 2
above turns out to be the one studied in Ref. [6],
and then in this case, if 8512)(D) =1, the Birch and
Swinnerton-Dyer conjecture is true for E? in Propo-
sition 1, which was proved by Zhao in Ref. [6].
When ¥ =1 and A =2, the cases in Theorems 1, 2,
4 and S turn out to be the ones studied in Ref. [7]
and footnotes on page 785.

(iii) For any rational integer ¥ in Z, by a sim-
ple change of variables, the elliptic curve Er: yi=

z3— D'z are always Q ( v/ —1)-isomorphic to E v

y?2=z3- D"z with 70=0, 1, 2, or 3. In particu-

3

lar, when 7,=0, En=E;: y2=:c — z, which is

the trivial case. Therefore, the results in Theorems 1
and 2 above are reduced to the three essential cases
v=1, 2 or 3. The case of A is similar, that is, the
results in Theorem 4 ~6 above are reduced to the two
essential cases A =2 or 4.
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